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Summary. These notes describe several loop soup models and their universal behaviour
in dimensions greater or equal to 3. These loop models represent certain classical or
quantum statistical mechanical systems. These systems undergo phase transitions that
are characterised by changes in the structures of the loops. Namely, long-range order is
equivalent to the occurrence of macroscopic loops. There are many such loops, and the
joint distribution of their lengths is always given by a Poisson-Dirichlet distribution.
This distribution concerns random partitions and it is not widely known in statistical
physics. We introduce it explicitly, and we explain that it is the invariant measure of a
mean-field split-merge process. It is relevant to spatial models because the macroscopic
loops are so intertwined that they behave effectively in mean-field fashion. This heuristics
can be made exact and it allows to calculate the parameter of the Poisson-Dirichlet
distribution. We discuss consequences about symmetry breaking in certain quantum
spin systems.
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1 Introduction

“Loop soups” has become the generic term for a statistical physical system where
objects are one-dimensional closed trajectories living in a higher dimensional
space. Loop soup models do not describe physical systems directly; rather, they
are mathematical representations of relevant models. Among many examples of
loop soup models, let us mention:

Feynman’s representation of the interacting Bose gas [18].
Lattice permutations [18; 27]: This is a rather crude approximation of the
previous system, but the model has interesting physical and mathematical
aspects.

e The Symanzik-BF'S loop representation of classical O(N) spin models [12; 16].

e O(N) loop models, where the Gibbs factor e>==v B %y i replaced by [ [, (1+
B, - ay) This is justified for small 3.
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e Toth’s representation of the spin % quantum Heisenberg ferromagnet [35],
Aizenman and Nachtergaele’s representation of the Heisenberg antiferromag-

net [1], and extensions that include the spin £ quantum XY model [37].

We could add many more examples to this list. The goal of these notes is to
show that these loop soup models share a universal feature: In dimension d > 3,
there exists a phase with long, macroscopic loops. Further, the joint distribution
of the lengths of long loops is always Poisson-Dirichlet. The latter distribution was
explicitly introduced by Kingman [28]. It describes random partitions in diverse
situations such as population genetics [15], Bayesian statistics [17], combinatorics
[40], number theory [39], statistical mechanics [13], probability theory [22], and
record statistics [23]. As for loop soup models in statistical physics, that possess
a spatial structure, the presence of the Poisson-Dirichlet distribution was pointed
out recently in [24; 25; 37].

This conjecture, and the heuristics behind it, involves notions borrowed from
mathematical biology and probability theory; they are not well-known in theoret-
ical physics. These notes introduce these notions in an essentially self-contained
fashion.

We describe several interesting loop models in Section 2. The conjecture about
the universal behaviour of loop soups is stated in Section 3; this involves the
Poisson-Dirichlet distribution about random partitions, which is introduced in the
following Section 4. In the next two sections we check that the Poisson-Dirichlet
distribution is the invariant measure of the split-merge process; for this, we discuss
random permutations in Section 5 before introducing the split-merge process in
Section 6.

It is a remarkable fact that these mean-field models describe spatial systems
exactly; the heuristics is explained in Section 7. It is useful in order to understand
the mechanisms, and also to learn a way to calculate the parameter of the Poisson-
Dirichlet distribution. We conclude by discussing in Section 8 a useful consequence
of this conjecture, namely that it helps to identify the nature of symmetry breaking
in certain quantum spin systems.

2 Loop soup models

2.1 Feynman representation of the Bose gas

The representation dates back to 1953 and sought to understand Bose-Einstein
condensation in interacting systems. It constitutes an interesting loop model, and
it also suggests several related models discussed afterwards.

Recall that the integral kernel of an operator A : L?(R?) — L?(R%) is a
function R? x RY — R (which we also denote A) that is such that for all square-
integrable functions f, we have

(AN = [ Awsrwa. 2

It is well-known that the integral kernel of the exponential of the laplacian, eztd ,

is the gaussian function g;(xz — y), where
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1 —z? /2t )

gi(z) = (2mt)d/2 (2:2)

The Wiener measure dW for the Brownian bridges between x and y is a measure
on continuous paths w : [0, 3] — R? such that w(0) = z and w(B) =y. If fis a
function that depends on the path at times 0 < t; < --- <t < 3, we have

/myf(w)dW(w) :/Rd dxl.../Rd d go. (21— o)

“Gta—ty (T2 — 1) . g1, (y — k) f(T1,. . TR).  (2:3)
Consider now the operator 24~V | where the function U : R? — R acts as a
multiplication operator. Using the Trotter product formula, we can show that the
integral kernel of this operator is

AEAY) (3,4) = / AW (w) e Jo Ulw()ds (2.4)
Ty

T (1)

I/L\\\ g

X

Fig. 1: Illustration of Feynman’s representation of quantum bosons at equilibrium by
Brownian trajectories. There are two spatial and one “imaginary time” dimensions here.

We now consider a gas of n identical bosons at equilibrium in a domain A C
R?, where the two-body interactions between particles are given by the function
U : R — R. The Hilbert space is the space of square-integrable functions L?(A™)
and the hamiltonian is

n

HAm:*%ZAi‘F Z U(Iifl’j), (2.5)
=1

1<i<j<n

where A; is the laplacian for the ith boson and U(-) acts as multiplication op-
erator. The partition function Z(3, A,n) is given by the trace of e ##4.» on the
symmetric subspace of L?(A™). Let Psym denote the projector onto symmetric
functions,
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1
Psymf(xl, EER I‘n) = E Z f(x0(1)7 s 7xa(n))' (2-6)
T €S,

The sum is over all permutations of n elements. Then

Z(ﬁ? A7 n) =Tr LZ(A")PSym e_/BHA,n

= Z /dxl /dxn/ 1)..-/ AW (wy)
n: mp—)w,(l) Tnt7To(n)

esp{~ Y / (wi(s) — 5 (s))ds 1.

1<i<j<n
(2.7)

The expression above is illustrated in Fig. 1. We observe that it involves a sum
over permutations with positive weights; this induces a probability measure on
permutations.

One expects that Bose-Einstein condensation is signalled by the occurrence of
permutation cycles of divergent lengths (“divergent” refers to the thermodynamic
limit where |A|,n — oo while the density n/|A] is kept fixed); further, these long
cycles are macroscopic, that is, they are proportional to n, and there are many
of them. This was pointed out by Siit6 in the case of the ideal gas [34]. We argue
below that this remains true in the presence of interactions, and that the joint
distribution of the lengths of macroscopic cycles is Poisson-Dirichlet; this can
actually be proved in the case of the ideal gas [9].

2.2 Lattice permutations

The model of lattice permutations is more intriguing than physical. It goes back
to Feynman [18] and Kikuchi [27]. It has been studied numerically in [21; 25], and
mathematically in [6; 7] — the latter article proves in particular that the critical
parameter for the presence of long cycles is strictly less than that for self-avoiding
walks.

Let A = {1,...,L} be a d-dimensional box, and let S, denote the set of
permutations on A (bijections A — A). The probability of the permutation o € S,

is defined as
Pp(o) = Z exp{ Z 5 |z — o ||)} (2.8)

Here, ¢ is an increasing function [0,00) — [0, 00] such that £(0) = 0, and such
that e¢(") decays sufficiently rapidly as r — oo so that all jumps z — o(x) are
bounded uniformly in L. The normalisation Z(A) is the partition function

Z(A) =Y eXp{ ad &(llr—o(x |)} (2.9)
oeSa zeA

This model is illustrated in Fig. 2. It is a simplification of Feynman’s representa-
tion of the interacting Bose gas; particles are assumed to be spread quite unlformly
in the whole domain, hence the lattice. The relevant weight is e—@ll#—o(= I” with
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Fig. 2: Lattice permutations.

a ~ 1/p; it accounts for the integral over Brownian paths from z to o(z). Inter-
actions between bosons are neglected.

Because of the weights, all jumps @ — o(z) involve nearby sites. The most
probable permutation is the identity, o(x) = z for all x € A. For large «, typical
permutations are close to the identity with a small density of finite cycles. For
small «, there are longer jumps, and there is a possibility of very large cycles.
A phase transition was indeed observed numerically in [21] in dimension d = 3.
Large cycles have macroscopic lengths, and it was also noticed that the expected
length of the longest cycle, divided by the fraction of points in long cycles, was
equal to 62%, as in random permutations without spatial structure. This was a
hint pointing to a very general behaviour, but there was no clear understanding
then.

The situation has now been clarified. The joint distribution of the lengths of
macroscopic cycles is Poisson-Dirichlet, as is explained below. This was numeri-
cally verified in this model in [25].

One can also consider an “annealed” model where one integrates over point
positions. Namely, with A € R? a cubic box of size L, the probability of the
permutation o € S,, is

1 n
Ppn(o) = m/ dzy...dx, exp{fazg(ﬂxi - xa(i)H)}, (2.10)
’ " i=1

with the normalisation given by

Z(A,n) Z / dxy ...dz, exp{—azg(nmi — xg(i)H)}. (2.11)
" i=1

oceS,

This is illustrated in Fig. 3
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Fig. 3: Annealed spatial permutations, where one averages over point positions.

The case £(||z||) = ||z||? corresponds to the ideal Bose gas. In this case, Siitd
proved that the Bose-Einstein condensation amounts to the occurrence of macro-
scopic cycles [34]. This was extended in [8] to more general functions ¢ (such that
e~¢ has positive Fourier transform), and the presence of the Poisson-Dirichlet
distribution was rigorously established in [9].

2.3 Spin O(N) models

Loop representations for classical lattice spin O(NN) models were proposed by
Brydges, Frohlich, and Spencer [12]; they were partly motivated by earlier work
of Symanzik. This representation has allowed to prove the “triviality” of the be-
haviour of correlation functions in high dimensions, see [16].

The configuration space is (S™)4, where SV is the N-dimensional unit sphere,
that is, the set of vectors with (N + 1) components and norm 1; the domain A is
a finite subset of Z?. The partition function is

Z(4) = /(SN)A exp{% Z Jy0u -Uy} H dog. (2.12)

z,yeN,x#y €A

Here, (Jgzy)zyea are coupling constants and [ do, is the Lebesgue integral on
SN. The cases N = 1,2,3 correspond to the Ising model, to the classical XY or
rotator model, and to the classical Heisenberg model, respectively.

This partition function can be expressed as a gas of closed loops. Here, a loop
of length k is a vector v = (x1,...,2x) with 2; € Aand z; # x;4q fori=1,...,k
(we identify xgy1 with 21). Let I'(A) denote the set of loops in A, and define the
weight w(v) of the loop v by

w(y) = % H Joiwiis- (2.13)

Interactions between loops take a rather simple form; they only depend on the
“local times” n,(-), € A; these local times are given for one or many loops by
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n(y)=#{i=1,...,k:xz; =a},

n (2.14)
nm('Vlv cee ,'Vn) = an(%)
i=1
Let V : N — R be the function that satisfies
N n
e—V(n) _ i(ﬁ) ) (2.15)
P(§ +n)\2

Notice that V(0) = V(1) = 0, and that V is increasing otherwise. The partition
function (2.12) is then equal to

Z(A) = O(N) M e™3 Eaveater §° ]Zln Yoo wm).wly)

n20 "y, m€D(A)
. eXp{— > V(ne(n,. .. m)) } (2.16)
zeA

The constant above is equal to C(N) = 27V/2+1 /(N/2) but it is not important.
This is indeed a gas of closed loops with “activity” w(vy) and with local interac-
tions. The correlation functions of the original spin model can be expressed in
terms of open paths and closed loops. The derivation of this representation is not
straightforward and we refer to [12; 16] for two different methods. An amusing
remark is that the loop model is well-defined for all N € R, ; in the limit N \, 0,
correlations are given by self-avoiding walks.
Loop O(N) models are simplified models where the weights pick up a factor
N, and the interactions are local and hard-core. On graphs (lattices) with degree
3, loop O(N) models correspond to a spin model where the Gibbs factor has been
approximated,
3T Inre e o TT (14 Layow-ay)- 17
z,yeA

See [31] for context and definitions, and for a discussion of the joint distribution
of the lengths of long loops.

2.4 Quantum Heisenberg models

Some quantum spin systems have loop representations with positive weights. We
describe here the loop representations that were progressively introduced in [1;
35; 37]. Let A denote the lattice, that is, a finite subset of Z?. The Hilbert space

is
Hp = ®(C25+1, (2.18)

zeA

where S € %N. We consider somewhat artificial pair interactions given by the
self-adjoint operators T 4, Py 4, and Q) ,, where z,y € A are nearest-neighbours;
we give below their more familiar expressions in terms of spin operators. These
are operators on C25+1 @ C25+1 defined as follows:
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e T, is the transposition operator, T} ,|p) @ |¢) = |¢) @ |p);
e P,, is equal to (25 + 1) times the projector onto the spin singlet. If {|a)},
a€{-S,...,8—1,5} denotes a basis of C***!, then P, , has matrix elements

(a,b| Py yle,d) = (—1)*7 g, —p0c,—ds (2.19)

where a,b,c,d € {-S,...,S};
o ()., isas P, , but without the minus signs, namely

<av b|Qx,y|Cv d> = 5@,1)50,(1- (2.20)

The families of hamiltonians involve the parameter u € [0, 1] and are given by

HY == S Ty + (1 - w)Quy — 1),

{z,y}ca

lz—yll=1
- (w) (2.21)
Hy’ =~ Z (uTpy + (1= u)Ppy — 1).

{z,y}CA

lz—yll=1

Let Si denote the ith spin operator at site x; here, i = 1,2,3 and x € A. In
the case S = %, the first hamiltonian is

=2 > (ShSy + (2u—1)S7S2 + S35 — 1. (2.22)
{z,y}CA
lz—yll=1

We get the usual spin % Heisenberg ferromagnet with u = 1; the quantum rotator
model, or quantum XY model, with u = 2, and we get a model that is unitarily
equivalent to the Heisenberg antiferromagnet with u = 0.

In the case S = 1 the second hamiltonian f[gu) is more relevant and is given
by

- - = - -

HgU):* Z (uSI-Sy+(Sr-Sy)272). (2:23)
{z,y}cA
lz—yll=1

We discuss the phase diagram of this model in Section 8; as will be explained there,
the Poisson-Dirichlet conjecture can be used to identify the nature of extremal
states at low temperatures.

We now describe the derivation of the loop model. The partition function can
be expanded using the Trotter product formula, which yields a sort of classical
model in one more dimension. Recall that a Poisson point process on the inter-
val [0,1] describes the occurrence of independent events at random times. Let
u > 0 be the intensity of the process. The probability that an event occurs in
the infinitesimal interval [¢, ¢ + d¢] is ud¢; disjoint intervals are independent. Pois-
son point processes are relevant to us because of the following expansion of the
exponential of matrices:

k
exp{u 2:(MZ — 1)} = /p(dw) H M;, (2.24)

i=1 (i,t)Ew
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where p is a Poisson point process on {1,...,k} x [0,1] with intensity «, and the
product is over the events of the realisation w in increasing times. (To prove it,
use the Trotter product formula in the left side so as to get a discretised Poisson
process, which converges to the right side.) We actually consider an extension
where the time intervals are labeled by the edges of the lattice, and where two
kinds of events occur with respective intensities v and 1 — u. Then

exp{* Z (uMg%) +(1— u)Mgg) _ 1)} = /p(dw) H Mé;) (2.25)

(z,y) (z,y,i,t)Ew

The product is over the events of w in increasing times; the label 7 is equal to 1
if the event is of the first kind, and 2 if the event is of the second kind.

Let 0 = (04)zea, With o, € {=S,..., S}, be a “classical spin configuration”,
and let |0) = ®,ca|o,) denote the elements of the orthonormal basis of H 4 where
S3 are diagonal. Applying the Poisson expansion (2.25), we get

Ty efZ(m,w(uTnyr(liu)szil) :/p(dw) Z

01,-.,0k
(o1 |ME) Jop) (o | MER=2) 1) ... (oo M) |o1).  (2.26)
Here, (z1,y1,%1),- -, (g, Yk, i) are the events of the realisation w in increasing

times. The number of events k is random.

5 |><(— 5
[

Zg/ )
00 A 0 A

Fig. 4: Graphs and realisations of Poisson point processes, and their loops. In both
cases, the number of loops is |£(w)| = 2.

This expansion has a convenient graphical description. Namely, we view p(dw)
as the measure of a Poisson point process for each edge of A, where “crosses” occur
with intensity v and “double bars” occur with intensity 1 — u. In order to find the
loop that contains a given point (z,t) € A x [0,3], one can start by moving
upwards, say, until one meets a cross or a double bar. Then one jumps onto the
corresponding neighbour; if the transition is a cross, one continues in the same
vertical direction; if it is a double bar, one continues in the opposite direction. The
vertical direction has periodic boundary conditions. See Fig. 4 for an illustration.

The sum over |o;) is then equivalent to assigning independent labels to each
loop. Indeed, in (2.26), the matrix elements of T}, and @, force the spin values
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to stay constant along the loops at each cross and at each double bar. This is
illustrated in Fig. 5.

-1 -1
+1 +1
+1 =il i i
e — + H+
1 +1 i L o Ly
0 0
0 +1
+1 =il -1 0 +1 0
— —_— -
=1 ! 0 -1
- =l 0 -1
0 0 —
! 9 +1 0
AR
0 0 +1 = _] -1 0 +1
+ +1 = i
0 0
AH -1
>—<+1 +1 1
=i +1 +1
-1 -1
O

Fig. 5: Illustration for a realisation of the process p(dw) and a compatible space-time
spin configuration. Here, one considers the case S = 1, where spin values belong to
{-1,0,1}.

We then obtain an expression for the partition function, namely
Zﬁlu) =Try, e PHL = /p(dw) Z 1= /(25 + 1)E@p(dw). (2.27)

The sum in the middle term is over a spin assignment to each loop; there are
exactly 25 + 1 possibilities for each loop, hence the result. Let IE”S‘”) denote the
probability with respect to the measure Z—lA(QS 4+ 1)@l p(dw). The spin-spin cor-
relation function can be calculated using the same expansion as for the partition
function. We get

TrSiSSe*ﬂHflm :/P(dw)zﬁx,o%,o (2.28)

The sum is over all possible labels for the loops, and o, ¢ denotes the label at site
2 and time 0. The sum is zero unless z and y belong to the same loop (at time
0), in which case one can check that it gives 1S(S +1)(25 + 1)@ Then

1 _ (u) u
(5253) = Pk 5353 e~ PHL" = 15(S + )PV (2 ¢ ). (2.29)
A

The correlation function (S;5}) is equal to (S253) by spin symmetry, but cor-
relations (S7S7) are different. In order to find the loop equivalent for the latter cor-
relation, we write a similar expansion but with additional factors (o, 0—|S2%|04 0+)
and (0,,0-15;|0y,0+). These factors force (x,0) and (y,0) to be in the same loop.
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(b)

Fig. 6: Ilustration for the two-point correlation function (S2S;), as expressed
n (2.30).

Now recall that S2 = (S} — S;) while 53 = 1(S; + 5, ). If the loop connection
is as in Fig. 6 (a), there is one factor with ST and one factor with S~ (on either
site) , resulting in —i2 times the same contribution as for S*. On the other hand,
if the connection is as in Fig. 6 (b), both factors involve St or both involve S,
and the contribution is i? times that of S*. We find

(5252) = 15(5 + 1) [ (")(><y) “”( y)]

The representation for the family with hamiltonian ﬂ&u) is similar, but with a
few important differences. Instead of being constant along loops, the spin values
change signs at double bars, that is, when the vertical direction of the trajectory
changes. The minus signs in the matrix elements of P,, cancel when S € N, but
the representation for half-integer spins has unwelcome signs. See [38] for more
details.

The model with 4 = 1 involves random permutations and is also known as the
random interchange model, or random stirring. There exist mathematical studies
on the complete graph [4; 10; 11; 33] and on the hypercube [29].

(2.30)

3 Universal behaviour of loop soups

Consider an arbitrary loop soup model with the following mathematical structure.
To each outcome (loop configuration) corresponds a set of k loops (k varies) with
lengths ¢4, ... ¢,. We assume that loops have been ordered so that £1 > 05 > --- >
l; the loops occupy a domain of volume V' = Zz 1 i We let Py and Ey denote
the probability measure and expectation of this loop soup. We also suppose that
there is a notion of infinite-volume limit V' — oco. The following vector is a random
partition of the interval [0, 1]:

(bf2 B
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We call a loop macroscopic if ¢; ~ V, and microscopic if ¢; ~ 1; it is mesoscopic
otherwise, that is, if 1 < £; < V.

There are two conjectures. The first one states that macroscopic loops occupy
a fixed portion of the volume, and that microscopic loops occupy the rest; there
are certainly mesoscopic loops as well, but they occupy a negligible fraction of
the volume. Let us emphasise that this conjecture is expected to be relevant in
dimensions 3 and more (and also in the ground state of two-dimensional quantum
systems); it is not expected to hold in loop soups of dimensions 1 and 2.

Congjecture 6.1. There exists m € [0, 1] such that for every € > 0:

lim lim ]P’V<zn:% € [m—s,m+€]> =1;

n—oo V—oo 1
i=

lim lim IP’V( Z %e[l—m—s,l—m—i—e]):l.

n—oo V—oo
i>1:4;<n

It follows from this conjecture that typical partitions have the form displayed
in Fig. 7, with m almost always taking the same value.

< macroscopic, PD(9) — w1« microscopic —»

Fig. 7: A typical partition of a loop soup model in dimensions three and higher. The
partition in the interval [0, m] follows a Poisson-Dirichlet distribution; the partition in
the interval [m, 1] consists of microscopic elements. Elements of intermediate size occupy
a vanishing interval.

The second conjecture states that the lengths of macroscopic loops are given
by a Poisson-Dirichlet distribution for a suitable parameter . (This family of
distributions is introduced in Section 4.) This conjecture can be stated in different
ways, we suggest three of them.

Congecture 6.2. Assume that m > 0 in Conjecture 6.1. Then there is ¥ € (0, c0)
such that the following three claims hold true.

1. For any fixed n, the joint distribution of the vector (£, ..., -£2) converges as

V' — oo to the joint distribution of the first n elements of a random partition
with PD(¥) distribution.

2. For any n € N and any ay,...,a, > 1 the moments of (
as V — oo to the moments of PD(%); precisely,

lim EV< 3 (fa‘l )‘“ m(ﬂjn )a> _ 0" I) Ia) .. I(an)
V—oo . .

J1yadn>1 mV my rW+a +---+ap)
distinct

151

29
MV W) converge
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3. Let f be a differentiable function [0, 1] — R such that f(0) = 1 and f/(0) = 0.

Then
Jim IEV<H f(zv’)) = Epp () (H f(ij))~
i>1 Jj=1

Notice that in part (2), the a;s cannot be less than 1 (the limit would diverge),
¢
m
a; > 1, the contribution of microscopic loops vanishes in the limit V' — oco. The
formula for the moment was derived in [31] in the context of O(N) loop models
using “‘supersymmetric” calculations. ,
In order to understand the part (3) of the conjecture, let us take f(z) = e ;

then . s (e
Ev(jl;[lf(V)) :]Ev<e i>1\V ) (3.2)

The number of microscopic loops is of order V' and each contributes ~ 1/V2, so
they can be neglected; the expectation picks up macroscopic loops only. This form
of the conjecture is very useful for the study of symmetry breaking in quantum
spin systems; see Section 7.

As mentioned before, the first hint of a universal behaviour was found in a
numerical study of lattice permutations [21]. These conjectures were first made in
[24]. An important article is Schramm’s study of the random interchange model
on the complete graph [33]; it owes much to a heuristics originally proposed by
Aldous, based on the split-merge process. There is now much evidence for the
validity of Conjectures 1 and 2. This has been established in the annealed model
of spatial permutations in a mathematically rigorous fashion [9]. It is also backed
by numerical studies for the model of lattice permutations [25]; for loop O(N)
models [31]; and for the random loop models of Section 2.4 [3].

and cannot be equal to 1 either (the sum ), -4 gives 1/m instead of 1); with

4 Random partitions and Poisson-Dirichlet distributions

The lengths of long loops have the mathematical structure of random partitions.
Recall that a partition of the interval [0,m] is a (finite or infinite) sequence of
decreasing positive numbers (A1, Ag,...) such that Zj>1 A; = m. We will also
consider sequences of positive numbers that are not necessarily decreasing; we
still call such a sequence an (unordered) partition.

We review the mathematical notions and relevant properties.

4.1 Residual allocation, or stick breaking construction

Let v be a probability measure on the interval [0,1]; we assume that it has a
continuous probability density function. For m > 0, we denote v, the rescaled
measure on [0, m], that is, it satisfies P,, (X < s) =P, (X < ms) for s € [0, 1].

We construct a random sequence of positive numbers X, X5,... with the
following induction:
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e Choose X7 according to vg.

e C(Choose X3, according to v1_x,; notice that X2

17X1
Choose X3 according to v1_x, —x,; notice that
Etc...

has distribution v;.

X3
T-X,—X5

has distribution .
This gives a sequence of positive numbers (X7, Xo,...) that tends to 0 and such
that > -, X; = 1. This is an unordered random partition of [0, 1].

Let the random numbers Y7, Ys,... be defined from the X;s by

Y] = Xy,

_ _Xo .
Yy = 1—X1
v Xa (4.1)

3T 1I-X, X3

etc...

As noticed above, the Y;s are independent and identically distributed with distri-
bution v4. Further, the following equation is easy to verify:

1= X1 — = X = (1- X1 — . — X5) (1 - =222 ). (4.2)

1-Yepa
It follows by induction that
1—X1—~-~—Xk:(1—Y1)...(1—Yk), (4.3)
which allows to invert the relations (4.1)
X1 =Yy
Xy = (1 -Y1)Yo;
X3 = (1 — Yl)(l — YQ)Y?,;

etc...

(4.4)

Consider a random partition of [0, 1] obtained through the stick breaking con-
struction above, and two random numbers T, U € [0, 1] (independent, uniformly
distributed). What is the probability that they fall in the same partition element?
This calculation can be performed, and the result turns out to be useful. Recall
that the probability of an event is equal to the expectation of the indicator func-
tion on this event. Let Pra(,,) and Ega(,,) denote the probability and expectation
of random partitions distributed according to residual allocation with measure v
on [0, 1]. We have

1 1
Pra(,)(T,U € kth partition element) = / dt/ du Era(,) (ltex, luex,)
0 0
= Era()(Xk)
=Era@y) (1 —Y1)* ... (1= Yi1)?VP)

=R, (1-Y)?)" 'R, (Y?).
(4.5)
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The latter identity is due to the independence of the random variables Y7, Y5, ...
The sum over k is a geometric series, and one obtains a useful expression:
E,Y 1 ) -1
E, Y2
The case that is relevant for our purpose is when v is a Beta(d) random
variable. That is, the random number Y has distribution Beta(d) if
Pm (Y > S) - (1 - 5)197 (4.7)
for 0 < s < 1. Its probability density function is ¥(1 — s)?~!, so that

/ f(s 5)?~1ds. (4.8)

The residual allocation model where v is the measure of a Beta(d) random vari-
able, is called the Griffiths-Engen-McCloskey GEM(¥) distribution. It ap-
pears in mathematical biology. Rearranging the unordered partition (X7, Xs,...)
in decreasing order, we get a random partition with Poisson-Dirichlet PD(¥)
distribution.

Pra(,)(T,U € same partition element) = (2 (4.6)

4.2 Kingman’s representation of Poisson-Dirichlet

We now discuss another expression of the Poisson-Dirichlet distribution that is
due to Kingman [28]. It is useful in order to calculate moments.

Let Zy,...,Z; beii.d. random varlables with Gamma(2, 1) distribution (that
is, their probablhty density function is s%le™ JT(2) for 0 < s < o). Let
S =21+ ---+ Z;. Consider the sequence

Zy Zy
(g,,g) (4.9)
and reorder it in decreasing order, so it forms a random partition of [0,1]. As k —
00, this partition turns out to converge to PD(##). The following two observations
are keys to our calculations:

e Sisa Gamma(9,1) random variable;

e S is independent of ( ,,%)

The first observation is easy to verify. As for the second observation, we have for
arbitrary functions f : R — R and ¢ : RF - R,

iz, (F(9)9(%. . %))
21

- b -

:/ le"'dzk[[ZiFTé)f(Zzi)g<flzﬁ”"szi)
= [Tas [T dzﬁ pé) Fe)a(2 ) 5(s = 30 =)

:/0 dss’e sf(s)/ooodyl...dykf[?;j(z>g(y1,...,yk)5(s(1—Zyi)).

(4.10)
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We made the change of variables y; = z;/s. We now use d(sz) = 1§(z),
which can be seen using such representation of the Dirac function as d(x) =

lim,, 00 \/ge’m”2 . We get

-1 e~ s
E{zi}i-;l(f(s)g(%, .,f / a5t £(5)
ﬁ—l

‘F(ﬁ)/o dyr .. dkayzé y1,~~,yk)5(1—zyi>~ (4.11)
(%)

The first line of the right side is equal to Eqamma(s,1)(f). The second line of the
right side does not depend on s; by looking at the special case f = 1, this must
be equal to the expectation of the function g.

We check in Section 5 that the ordered sequence has Poisson-Dirichlet distri-
bution with parameter ¢ in the limit & — oo.

4.3 Moments of the Poisson-Dirichlet distribution

For given integers nq,...,ny > 0, using the independence of S from the partition,
we have
k! Zi\™ Zg\ ™
n n T
oo T )~ i e () ()
Pisiine

B B, (S E)m (5)
k—oo (k —£)! E{Zi}’;l(snlJr"'er)
koo (k=0 T +mng 4+ +ny)

(4.12)

We also used Egy 36 (5*) = I'(0 + a)/I'(¥). Since the Z;s are independent,

ne I'(9/k n;
IE{Z};C ( 2, ):H%?/_;)) (4.13)

=1

Recall that I'(9/k) ~ k/9 as k — 0o, so that W — 9¢. We obtain

E X”1 LX) = . .
PD) ( 2 ) L0 +ni+-+ng) (i
Jiyeeje>1

distinct

This important formula appears in [31]. Its derivation there is different; it involves
another loop soup model, assumes the presence of Poisson-Dirichlet, and uses a
“supersymmetry” method.
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4.4 Expectation of functions of partition elements

We now consider the Poisson-Dirichlet expectation of a general smooth function f
that satisfies f(0) = 1. Let (ax)x>1 be Taylor coeflicients such that the following
function has radius of convergence greater than 1:

s)=1+ Zaksk. (4.15)

k>1

Then, using (4.14),

Epp () (H f(Xi)) = % Z Z ak1 -+ ak, Epp() (szll : sz:)
Lkn

i>1 n>0 cin>1ky,.
dlstlnct

w1 9" D) D(ky) ... D(ky)
= _ Zk Qk, - - . O, S T——

(4.16)

Let us apply this formula to a special case that will be useful in Section 8,
namely f(s) = cosh(bs) with b a parameter. The Taylor coefficients are

%k, if k is even,
ap = ' (4.17)
0 if k is odd.
Then
9" 1 I(9) S ks
EPD(ﬁ)(HCOSh(in)) :1+Zﬁ Z Mk F(z?—l—z'k-)b i
i>1 n>1 E1,oooskn>2 n i
" 1 I'(W) o

:1+ZHZ > 270, 0, IO+ 2r)

O+l =r
L K (9/2)" 1
=1
+;F(19+2r)n¥1 n! ; 21;>1 ... 4,
B /1174‘27@_—7
1 I(9/2+r) o,
rw/2) g rIC (Y + 2r)b
(4.18)
We used the identity
" 1 re+r)
FD D AT0) (“19)
n=1 0,y >1

L+ =r
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5 Random permutations

Random permutations provide a convenient mean to understanding random par-
titions, their distributions, and the split-merge process. We should point out that,
in this section and the next one, there is no space — we are dealing with mean-
field models. This is nonetheless directly relevant to spatial systems in dimensions
three or larger, as is explained in Section 7.

5.1 The Ewens distribution and natural extensions

We consider four ensembles of random permutations, with fixed or variable num-
ber of elements and number of cycles. Let S* denote the set of permutations of n
elements and k cycles, and let

Sn:os’,; st=\Jst s=J Osﬁ. (5.1)
k=1 n>1 n>1k=1

Given a permutation o € S, we let N (o) and K (o) denote its number of elements
and its number of cycles, respectively. It is worth recalling that the number of

permutations with n elements and k (labelled) cycles of lengths mq,...,my is
equal to
k
n n!
i — D)= — )
(ml...mk) E(mz ) my - my (5-2)

The sets Sk, S,,, S*, and S are reminiscent of the microcanonical, canoni-
cal, and grand-canonical ensembles of particle systems in statistical physics, with
number of elements and cycles playing a somewhat similar role as energy and
number of particles. We consider probability distributions on these sets, namely

1

P, x(o) = s for o € S¥; (5.3)
P,o(o) = o ;n,(f 9K (@) for o € S; (5.4)
P, k(o) = i ]Z;;V(i:;! for o € S*; (5.5)
P,o(0) = Zi,e ZN](\(;)(iI;(U) foro € S. (5.6)

The second distribution, P, g, is the Ewens distribution that initially appeared in
mathematical biology. These distributions are related as follows:

Pro(-[K(0) =k) =Pni(-); (5.7)
P, k(- |IN(o) =n) =Py i(-); (5.8)
P.o(-[N(o)=n)=Pno(-); (5.9)
Peo(-|K(0) =k) =Pz r(-); (5.10)
P.o(-|N(o)=n,K(o)=k) =P, () (5.11)
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The last three normalisations can be calculated explicitly. Using Eq. (5.2), we
have

Zoo=3 00 3 0

n>1 €S,

Z 2 Z - Z "
N n! k! mi...my
n>1 k>1 mi,...,mep>1
mi+-+mep=n

-y Ry

(5.12)

k>1 7 m>1
= exp(—flog(l —2)) — 1
=(1-2)7"-1.

We have the relations

Zz,9 = Z ZnZn,O = Z ngz,ka (5.13)

n>1 k>1

so we get Z, ¢ by differentiating n times with respect to z, and we get Z, ;, by
looking at the kth coefficient in the middle line of Eq. (5.12); explicitly,

00 +1)...(0+n—1) nf!

Zno = n! T T (

1+0(1)), (5.14)

1 k
Zog = H(—log(l —2)). (5.15)

The first normalisation, Z,, ; does not have an explicit expression. The numbers
n!Z, , are known as Stirling numbers of the first kind. The following asymptotic
behaviour is useful for our purpose; if kK = Alogn, we have [26]

B 1 (logn)F—1
Znk = Fa N nik =11 ¢

14 0(1)). (5.16)

The relevant limits are

n, k — oo with £ = flogn for some fixed parameter 6;

n — oo with fixed 0;

k—ooand z — 1— with 2 = e~ ¢ "’ for some fixed parameter 0;
z — 1— with fixed 6.

We now check that, as z = 1— with P, 9, the number of elements diverges like
(—log 2)~! and, in this scaling, behaves like a Gamma random variable; see Eq.
(5.19) below. First,

1 a/—log z

"o .
Zz,0 nz::l Z dn.o (5.17)

P.o(N(0) < 42=) =

— —logz

As z — 1—, only large n contribute to the sum and we can use the asymptotics
in (5.14). We get
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a/—log z

lim P, g(N(o) < —2—) = lim (1—2)° 6-1,n
Pyl z,0 — —logz el F(G) —
— lim u_z)e/a/_logzsa—le—(logz)sds (5.18)
z—1— ['(0) 0

_ 0 a
lim (u) L/ sfle " ds.
z=1-\—logz/ I'(0) Jo
1

We obtain that N(o) is a Gamma random variable multiplied by (—logz)™';
namely, we have for all a > 0 that

1 @ ,
lim P, 0( ( )S 7lca>gz) = W/O 80_16_é ds. (5.19)

z—1—

A similar statement holds with P, ;, with suitable limits z — 1— and k& — oo.
Let z(k) = e~ """

aek/s

) z2(k)" Zy,

P (N (o) < aeh/?) = —(Z) :
z(k),k

- (5.20)
M o—ts0 (logn)k—1 1 k!
1 .
+oll 2 n(k—1)! T(6+1) (k/6)F
We used the asymptotic result (5.16) and also
1k _
Zaeyk = 4 (9) (1+0(e*%)). (5.21)

This can be justified by first showing that K(o)/0log N (o) tends to 1 with prob-
ability 1; this is not too difficult, but we do not write it down here. Then

aek/e

0 o o—kse /Blogn\k-11
P N(o) <ae/?)=(1 )=~ " T n
=) k(N(0) <ae?) = (1+ 0o ))p(9+1) nz::l © ( k ) n
ok /9
k 1 h
1 1 Glogs 0"
~>59
(5.22)

We obtain that N behaves like a Gamma(6,1) random variable multiplied by
ek/?: For a > 0,

1 a
lim P N(o) < ae/?) = 7/ 01675 ds. :
Jim 2k, k(N(o) <ae™?) 7@ J, s e ®ds (5.23)

We now verify that the distribution of cycle lengths is asymptotically equiv-

alent to i.i.d. Gamma(%, e #/%) random variables. Together with the result of
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the next subsection, this justifies Kingman’s representation of Poisson-Dirichlet
described in Section 4.2.

The probability to obtain a permutation with k£ cycles of lengths mq,...,my
is, with n = Zle m;,

kL z(k)™ n!

(kO nl Eklmy...my
—k/0 (5.24)

k —m; e

Pz(k)7k(m1, N ,mk) = (1 + 0(1))

We used Egs (5.2) and (5.21).
On the other hand, the probability that &k i.i.d. Gamma(%, e~*/%) random
variables take values in [mq,mq + 1],. .., [mg, mg + 1] is equal to

-1

U emmie 5.25
(1-+(x1))£1 0075 : (5.25)

>

In order to match this with (5.24), observe that

k k
6
logHmi"‘ = % E log m;
i=1 i=1 .
(5.26)
~ eEGamma( 0 o—k/6 ) log X

Rl

=0y(%) +k,

where ¥(-) = I''(-)/I'(-) is the digamma function. For large k, we have the
asymptotics

P = (5) e (1+o(1). .
U(g)=—§ —v+ol).
Here, v is Euler-Mascheroni constant. Using (5.26) and (5.27) in (5.25), we get
Eq. (5.24). This shows that the random partition from (%, ce %) has asymp-

totically the same distribution as the one from the cycle lengths of a random
permutation distributed according to P,y . There remains to check that the
latter has Poisson-Dirichlet distribution.

5.2 Cycle structure of Ewens permutations

Given ¢ € S, let Li(o) be the length of the cycle that contains the element 1;
Ly(o) the length of the cycle that contains the smallest element that is not in
the first cycle; Ls(o) the length of the cycle that contains the smallest element
that is not in the first two cycles; etc... Then ZiK:(f) Li(c)=N(o) forall o € S,

and (%, A %) is an unordered partition of [0, 1]. It turns out that, if o is

chosen randomly according to the measures (5.3)—(5.6), and taking appropriate
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limits, the distribution of cycle lengths converges to GEM. This is well-known in
the case of the Ewens measure (5.4), see [2], and we show it here for the other
distributions.

We start with the distribution with fixed n, k given in (5.3); we take k = 6logn
and consider the limit n — oco. The first step is to show that L;/n converges to a
Beta random variable with parameter . We have

Li(0) e (n—1 . Zn—j k-1 .
]P’n,k( o <a):,§:1<j—1> (J‘Ulﬁ(n—ﬁ!
iz :

72 n]kl

nk

(5.28)

(log(n—7)k2 1 n(k—1)
72 ”g—J J—) 2)I T(1+0) (légn)k—)lr(l +0)(1+0(1))

1 /slogn+lo (177) k—2
_Zn*jlogn( : loggn ) (1+0(1)).

We used the asymptotic result (5.16). We have 1; 6(1+ o(1)) and

logn+log(177) k—2 (1 L
( logn ) = " elmn) (14 0(1) = (1 - £) (1 +0(1). 29

We get

Pn,k(Ll(”) <a) - 22(1 — " 14 0(1))
J=1 (5.30)

”1?00/ (1—s)"1ds.
0
The latter expression is indeed equal to Pgeta(p)(X < a). Next, we consider the

joint distribution of the lengths of the first j cycles; we keep j fixed and take the
limit n — co. We have

Li(o) Lj(o)
P ( <a,... j < )
n,k n _al n_Ll—"'_Ljfl_a]
an aj(n—mi—-—m;_1)
= Z Z Pp k(L1 =ma,..., Lj = m;)
mi1=1 mj=1 (5.31)
ain aj(n—mi—--—m;_1)
= Z Z }P’n,k(leml,...,Lj_l:mj_l)
m1:1 mj:1
'Pn,k:<Lj = mJ|L1 =MmMiy..., Ljfl = ’I’I’Lj,l).

We now use self-similarity for the last term; having determined the lengths of the
first 7 — 1 cycles, the distribution of the length of the jth cycles is the same but
with less elements:
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]P)n,k(Lj é (lj(’fL —my — - — mj,1|L1 =mMi,..., Lj,1 = mj,l)
— Pn',k’ (L] S ajn/), (5.32)

withn' =n—-—m; —---—m,_; and ¥ = k — j + 1. Since j is fixed, the limit
k = 0logn — oo corresponds to k' = #logn’ — oo; using the above result (5.30),
we have

lim P (L < ajn’) = Ppetae) (X < a;). (5.33)

k,n—o00
k=0logn

This allows to prove by induction that

. Li(o) L;(0)

lim P, ( <ay,... J < )
kn}gloo ok n = o n—Ll—'”—Lj_l_aj
k=60logn

J
= HPBcta(G)(X < ai)~ (5.34)
i=1
This means that the joint distribution of (£, £2 ) is GEM(0).
As pointed out before, the same result holds with the distribution IP,, o on S,,.
This can be extended to the measure P, 9 on S in the limit 2 =— 1—. Indeed, we
have

L L;
P, (—< J < )
NN =" N - L, =Y
L L. (5.35)
-5 ]P’ZQ(N:n)IPng(—lﬁal,..., j gaj).
"1 ’ ’ n n—L1—~-~—L]-,1

We have seen that N(o) diverges as z — —1 (as (—logz)~!), so only large n
matter, for which the conditional probability approaches the product of Beta
probabilities.

6 Split-merge process

The split-merge process, also called coagulation-fragmentation, is a discrete-time
stochastic process on the set of partitions of the interval [0, 1]. It involves two pa-
rameters gs, gm € [0, 1]. Given a partition (A, Ag,...) at time ¢ € N, the partition
at time ¢ 4+ 1 is obtained as follows. Choose two numbers in [0, 1], uniformly at
random. Then

e if they fall in the same partition element, we split this element with probability
gs, uniformly;

e if they fall in distinct partition elements, we merge these elements with prob-
ability gm.

After rearranging in decreasing order, we get the partition for time ¢ + 1. This
process is illustrated in Fig. 8.
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4 51
1 T

1 m

e
.

| | | | L1

Fig. 8: Illustration for the split-merge process. This sequence involves a merge; a split;
another split; another merge.

There is a continuous-time equivalent process, where an element \; splits at
rate )\?gs; and elements A;, \; (with i # j) merge at rate 2A;\;gm. This means
that if (A1, g, ...) is the partition at time ¢ € [0, 00), then during the tiny interval
[t + dt],

A; splits with probability A3g.dt;
i, Aj (with ¢ # j) merge with probability 2A;\;gmdt;

no changes occur with probability 1 — Zj>1 )\?gsdt — > i 22 A gmdt.

i<j

We now check that the invariant measure of the split-merge process is Poisson-
Dirichlet with parameter ¢ = gs/gm. We first give an indirect proof using a process
on permutations; the invariant measure is Ewens; when projected onto partitions,
in the limit of infinitely-many elements, we get the split-merge process and the
GEM or PD distributions. The second proof is more direct but it is more cum-
bersome and we only discuss it in the case gs = g = 1. Relevant references for
this section include [5; 14; 33; 36].

6.1 Markov process on S,

Let 7;; denote the transposition of elements 4, j € {1,...,n}. Recall that K(o) is
the number of cycles of the permutation ¢. One easily checks that, if ¢, 7 belong
to distinct cycles of o, then i, j belong to the same cycle of 7;; o o; conversely, if
i, 7 belong to the same cycle of o, then ¢, j belong to distinct cycles of 7;; 0 0. We
always have K(7;; 00) = K(o) £ 1.

The process we consider is a simple process that involves products of trans-
positions. Let o; denote the permutation at time ¢. Choose 7,5 € {1,...,n} at
random, with i # j.

o If 7;; spits a cycle, i.e. K(r; 00y) = K(oy) + 1, then o441 = 75 0 0 with
probability gs; 0:41 = o otherwise.

e If 7;; merges two cycles, i.e. K(7;;00,) = K(0;) — 1, then 0411 = 7 0 0 with
probability gn,; o111 = o otherwise.
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The transition matrix is

(6.1)

T(o;Tij00) = 1 {gs if K(ri500¢) = K(o¢) +1,

in(n—1) | gm if K(rijoo,) = K(oy) — 1,

and T(o;0) = 1 -3, _;T(0;7i; 0 o). Let pi(o) denote the probability of the
permutation o at time ¢; the probability at time ¢ 4 1 satisfies

pir1(0) = pi(0)T(o;0) + Zpt(Tij oo)T(;j00;0). (6.2)
i<j
Indeed, 7;; o ¢ is the permutation that gives o if we apply 7;;. The measure p;

is invariant if p;11 = p;. A sufficient condition for this is that it satisfies the
detailed balance condition

p(0)T (0575 00) = p(1i5 0 0)T (135 0 03 0). (6.3)

Indeed, inserting this identity in (6.2) yields pi+1 = p;.
One easily checks that the Ewens measure P, y = ﬁGK(”) satisfies the de-
tailed balance condition: Assume that K(r;; 0 o) = K(o) + 1; then

1 m
Pro(rijoo)T(Tij00;0) = 0Py 0(0) 7 Im = QLPn,e(U)T(U;m 00). (6.4)

sn(n—1) Js

This is identical to (6.3) provided |6 = s . The same argument applies to the
9Im

case K(r;j00)=K(o)— 1.

Permutations of S,, can be projected onto set partitions on {1, ...,n}, with sets
given by permutation cycles. The Markov process above gives a Markov process
on set partitions: Choose i,j € {1,...,n}, i # j; if they fall in the same set,
we split it with probability gs; if they fall in distinct sets, we merge them with
probability gy,.

Further, set partitions can projected onto integer partitions, according to the
cardinalities of the sets. The Markov process gives a split-merge process that is
still Markov and is a discretised version of the one described above. Dividing the
elements by n, and letting n — oo, we recover the standard split-merge process.

As n — oo, the cycle lengths of Ewens random permutations with parameter
6 have Poisson-Dirichlet distribution with the same parameter, 1 = 6. Since cycle
lengths satisfy a split-merge process, we can conclude that its invariant measure
is Poisson-Dirichlet with parameter 9 = 5—;.

All this is well-known in mathematical biology and probability theory. We refer
to [5; 14; 32; 36] for further information, including mathematical results about the
delicate issue of uniqueness of the invariant measure.

6.2 Split-merge process for GEM

We now consider unordered partitions and introduce a modified split-merge pro-
cess whose invariant measure is GEM(¢). If we project onto ordered partitions, we
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recover the usual split-merge process. Since GEM projects onto PD, this indeed
proves that PD is invariant for split-merge. This proof could perhaps be extended
to the case gs, gm # 1, but this remains to be clarified.

It is convenient to work with integer partitions, so we deal with probabilities
rather than densities, and we avoid the tiny but numerous elements at the ac-
cumulation point. Let n € N be a large number and let M,, denote the set of
unordered integer partitions of n, that is, an element m = (mq,...,my) of M,
is a k-tuple (with varying k) of integers m; € {1,...,n} such that Zle m; = n.
The discrete analogue of the stick-breaking construction is that the probability of
m=(my,...,myg) is

Pag, (m) 1 1 1 1
m) = — = 6.5
Mo nn—mi; n—mi—---—mp_1 nMy...My_1’ (6:5)

where we introduced M; =n — 327 m; = 35, m.

The split-merge process for GEM consists in choosing two distinct numbers in
{1,...,n} at random. If they fall in different partition elements, these elements
are merged and the combined element takes the place of the leftmost one. If the
numbers fall in the same partition element m;, it is split uniformly as m; = s +1¢
(s can be 0, in which case the partition does not change). The jth position is

S

assumed by s with probability s and by t with probability m% The other one
(call it u) takes the (j + 1)th position with probability M7+u
right otherwise, where it takes the (j + 2)th position with probability m,
and moves further to the right otherwise.

and moves to the

m ™ Mmoo | | M+l | TMyted) | ME |
[ I I 1 I I I I I |
;L S
: miﬂ = Mjt1 Emiu = Myjte41
AN | | [ | | | | |
m. T ™, 1 | T, 1
my = mi My =ma  Mmj=m; +mjie My = Mk

Mjye—1 = Mjte—1

Fig. 9: The stochastic process on unordered partitions.

Let m and m’ be partitions as in Fig. 9. m’ is obtained from m by merging

the elements m; and m;4,, which gives m;; m is obtained from m’ by splitting
m; into m; and m;;¢ and by placing them in the jth and (j + ¢)th positions,

respectively. The probability of the move m — m/ is

Qmjmj+g

P, (M) 5 (6.6)

n

The probability of the move m' — m is
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n(m5)* 2m; Mj Mj,, M, s
]:EDMn (m ) 2 N2 Y i M ] . M 4
n (mg) G myre My + Mg je—2 T Mo
——
splits m’j moves mj .y by £ — 1 steps to the right
/
Mt 2my Mj Mjy My myi

— I =Py, (M —L . (6.7)
My +mjpe () n? M; My Mjye o Mjo
—_——

stays at position j + £

The expressions (6.6) and (6.7) are equal, so the probability distribution P,
satisfies the detailed balanced condition and is then invariant.

7 Relevance of the split-merge process for loop soups

We consider now the model of random loops of Subsection 2.4, but the present
heuristics applies to all models that involve macroscopic loops. Let us discretise
the “time” interval [0, 8] with mesh 1/n. Given a realisation w of crosses and
double bars, let C(w) and B(w) denote the number of crosses and double bars,
respectively. The measure on realisations is

u(w) _ %ew(w)‘ (E)C(w) (1—7U)B(w) (1 _ l)dl/llﬁn—c(w)—B(w). (7.1)

n n n
Here, 6 is an arbitrary parameter. It needs to be half-integer in order to represent
a quantum spin system, but the loop model makes sense more generally.
We now introduce a Markov process such that the measure above is invariant.
With R(w,w’) the transition matrix w — «’, the detailed balance equation is

p1E () € (L) P R, ) = 401 (1) 0 (L P Ry ). a2

Here is a natural process that satisfies the equation above:

e A new cross appears in {z,y} x [t,t + 1] at rate V02 if it causes a loop to
split; at rate %% if it causes two loops to merge; at rate ;- if the number of
loops does not change.

Same with double bars, but with 1 — u instead of w.

An existing cross or double bar is removed at rate v/ if its removal causes a
loop to split; at rate % if its removal causes two loops to merge; at rate 1 if
the number of loop remains contant.

Notice that any new cross or double bar between two loops causes them to merge.
When u = 1, any new cross within a loop causes it to split. When u = 0, any new
double bar within a loop causes it to split, provided the graph A is bipartite. (We
discuss below the case u € (0,1), where this is not true.)

Let v,7" be two macroscopic loops of lengths £(v),(v"). They are spread all
over A and they interact between one another, and among themselves, in an

essentially mean-field fashion. There exists a constant ¢; such that a new cross

2
or double bar that causes v to split, appears at rate % 0 cq %8(7/)” ; & New Cross or
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double bar that causes v and ' to merge appears at rate (cl/\/a)% There
exists another constant ¢y such that the rate for an existing cross or double bar to

disappear is %\/562 gmr if 7 is split, and (cz/ﬁ)% if v and 7' are merged.

Consequently, v splits at rate

()? _
IV0(c1 + ) B = irgl(v)? (7.3)
and v,~' merge at rate
1 e /
—(c1 + ) === =rnf(V)l(Y). 7.4

Because of effective averaging over the whole domain, the constants ¢; and co are
the same for all loops and for both the split and merge events. This key property is
certainly not obvious and the interested reader is referred to a detailed discussion
for lattice permutations with numerical checks [25]. It follows that the lengths
of macroscopic loops satisfy an effective split-merge process, and the invariant
distribution is Poisson-Dirichlet with parameter ¢ = rs/ry, = 6 [5; 24; 36].

The case u € (0, 1) is different because loops split with only half of the above
rate. Indeed, the appearance of a new transition within the loop may just rearrange
it: topologically, this is like 0 <> 8, see Fig. 10 for illustration. We get Poisson-
Dirichlet with parameter ¢ = g.

< <

O OO

Fig. 10: When u € (0,1), a local change involving two legs of the same loop may
rearrange it rather than split it. This figure shows all cases corresponding to the addition
of a transition. The loop necessarily splits when © =0 or v = 1.

8 Consequences of the Poisson-Dirichlet conjecture

Now that we know the structure of the macroscopic loops, we should gain useful
information about the original systems. But not too many useful consequences
have so far been unearthed. We discuss here quantum spin systems and the sym-
metry of the low-temperature phases, following [38].

In this section, we denote (-)z, the Gibbs state in domain A C Z? and
hamiltonian H,, that is,
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1

(D, = Ty o—BHA Tr - e PHa, (8.1)

8.1 Spin % systems

We consider the hamiltonian of Eq. (2.22) with nearest-neighbour interactions
S35y — (2u — 1)S2S7 — S3S3. In dimensions 3 and larger (or in the ground
state in dimension 2), one expects ferromagnetism and long-range order. The case
u = 1 corresponds to the ordinary Heisenberg ferromagnet and the extremal states
should be given by

{()g= hli%l+/111/*zd< >H§”)—h2w3'§”

(8.2)
where @ is any vector in S2. In the case where u € (0, 1), the model has U(1) sym-

metry only, and the extremal states are (- ) with a € St, of the form (a1,0, as).
Another way to write the symmetry breakings is

N
b ifu=0orl,

— (8:3)
b ifue(0,1).

lim (e

hma 3
— a
LzzeAZ.Sm o fSQ [¢] _’d
d a-
AL A fSl ehma b d

Here, m is the magnetisation of the system!. In the case u € (0,1), both @ and
—

b are of the form (aq,0,a3). The meaning of these identities is that the infinite
volume limit of (-)m, is a convex combination of the states (-)- above. By

rotation invariance, this does not depend on a and we have for u =0 or 1,

/ hma v dg = / ghmbs dz = M (8.4)
§2 s2 hm

In the case u € (0, 1), we get a Bessel function, namely,

hma Hdgb) 1 o hmco:aqﬁd 2n
8 e o ¢ = Z ] . (8.5)

n>0

h 3
The advantage of the identities (8.3) is that the expectation of eT4T 229 hasa
nice expression in terms of the loops of Section 2.4. Indeed, by a similar expansion
that uses Trotter product formula, we get

(T S 5 ) = ( I1 cosh<2|A| (v ))) (8.6)

YEL(w)

Here, E(f) denotes expectation with respect to the model of random loops with
weights 214! and ¢(~) is the total length of all vertical legs of the loop 7.

At low temperatures and for large domains, we expect that macroscopic loops
are present and that they occupy a fixed fraction m of the available space. Further,

! Tom Spencer suggested these equations (private communication).
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by the discussion of Section 7, the joint distribution of their lengths is Poisson-
Dirichlet with parameter ¥ = 2 when v = 0 or 1, and ¥ = 1 when u € (0,1). By
Conjecture 2 (3), which applies to the hyperbolic cosine, we get

lim <eﬁ 2. S >H£‘u) =Epp(9) (H COSh(%thj)). (8.7)

|A]— o0 .
Jj=1
The right side was calculated in Eq. (4.18); we obtained

sinh (1 hm .
{Zr20 (zril)!(hfgn)zr = };hzr: Lt =2,
X0 gz (5hm)*" if ¥ = 1.
(8.8)
(The last expression is perhaps not immediately apparent from (4.18); it uses the
identity 22"n!I'(n+3) = I'(2n+1)I"(3).) Then Eqs (8.8) are precisely the expres-
sions (8.4) and (8.5), with the magnetisation being half the mass of macroscopic
loops, m = %m. This shows that the Poisson-Dirichlet conjectures are compatible
with our expectations of symmetry breaking.

Epp) (H cosh(%thj)) =

Jjz1

8.2 Spin 1 systems

We now turn to the spin 1 model of Eq. (2.23); it is worth to consider the general
model with SU(2) invariant, nearest-neighbour interactions, namely

HA = — Z (Jlgwgy +J2(§$§y)2) (8.9)

{z,y}CA
le—yll=1

Here, Jp, Jo are two real parameters. The phase diagram of this model was studied
in [19]. For d > 3 and low temperatures (or d = 2 in the ground state), it
decomposes into four regions with ferromagnetic, spin nematic, antiferromagnetic,
and staggered nematic phases. The phase diagram is displayed in Fig. 11.

The loop representation of Section 2.4 applies to the model with the hamil-

tonian ﬁ/(lu) in (2.23), which corresponds to the spin nematic region, and also to

its boundaries where the model has SU(3) invariance. We only discuss the case
u € (0,1).

We now seek to confront symmetry breaking with the Poisson-Dirichlet con-
jectures in a similar fashion as in the spin % case. This is actually more interesting
here because the nature of symmetry breaking is no longer obvious. The operators
that are associated with the spin nematic phase are

— —
AZ =(a-9,)* -2, (5.10)

with @ € S? (notice that @ is equivalent to —a ). The constant —2 ensures that

<A§ ) = 0 when the Gibbs state is invariant under spin rotations. We write A% for
Al

We first look for an analogue to the identities (8.3). Assuming that a spin
nematic transition takes place, there exist extremal Gibbs states (-)— where ae
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5

A
SU@3)

SPIN
NEMATIC SU@)
ANTIFERROMAGNETIC
Ji
FERROMAGNETIC
STAGGERED
SU@3) NEMATIC
SU@3)

Fig. 11: Phase diagram of the general spin 1 model with hamiltonian (8.9) in dimension
d > 3. On the two lines J; = 0 and J, = J; the model has SU(3) invariance, not only
SU(2). The phase diagram is expected to show four phases (ferromagnetic, nematic,
antiferromagnetic, staggered nematic) that are separated by those lines.

§?, and with (-) - = (-)-. (It might be more elegant to label extremal states

with the projective space PS?, where +d are identified.) We introduce what should
be the nematic counterpart to the magnetisation density, namely

n= Ah/HZld< |/1| Z A3> (8.11)

We expect that n # 0 if the temperature is low and d > 3, or in the ground state
and d > 2. The expectation of ﬁ >, A for general a € S? can be expressed in
terms of n. Indeed,

<|;|ZA >33 |A|[Za (52" =3¢, +§azag553 o —

We can assume that <'>‘é3 is invariant under spin rotations around 23, and also
that (S3), =0, so that (S;.5]), = 0foralli# j. Further, since (S3)*+(S57)*+
(82)% = 2, we have

((82)* = %)z, = (8D = %)z, = 3{(SD* — )<, (8.13)

This gives
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1 -
li <— A“> =n(a? — La? — 142). 8.14
Al/’nZld |A| :;1 x ?3 (a3 Qal 2(12) ( )
This allows to calculate

. L 3 . S 3 —
lim <em\ 2aea Az > o = lim <elA\ 2oen e > da
HA

A7 A7 g2 a
. _h Kt —
= lim <e|A‘ Loea As >_. da

AL g2 €3

8.15
— ehn(agféafféag) dz ( )
s2

_ —lhn
o Zk' 2k+1

Next, we compute the same quantity using the loop representation and the
conjectures. By a Trotter product expansion, we obtain

<e\h7\ Yoea A >H‘“) = Eslu)( H (3 e~ Emart™) 4 %e%‘%f(v) )), (8.16)
A

where the expectation is taken over the random loop model of Section 2.4 with
weights 3/£(“)|. Conjectures 1 and 2, together with the argument of Section 7, state
that macroscopic loops have fixed total mass m, and that the joint distribution
of their lengths is Poisson-Dirichlet with parameter ¥ = 2. By Conjecture 2 (3),
we have

: . Ai> _ ( 1 —2hmY; | 2 1hmy; )
Ah/HZld<eW & e _EPD(%) H(3e 2 +3e? )

i>1

= e 8B ([T + 2eM™)).

i>1

(8.17)

We can use Eq. (4.16) for the function f(s) = 3 + 2 e* whose Taylor coefficients
are ag = 1, ay = 245 for k > 1. We obtain

3
lim <e\ﬁ\ Seads >
AT 7w

C2p L (3)"L(3) (k1) ... I'(kn) .
= e 3h ZE Z Ay - Ak, F(%+k1—|—+kn) (hm)zkz

5 hm)"(2) 1 1 (8.18)
_ o 3rm y )TG) o 1 L
S EPILIEL D E R S

We used Eq. (4.19) in the last equality. Although it is not immediately apparent,
this the same function of h as (8.15), provided that
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m. (8.19)

Recall that m represents the fraction of available volume that is occupied by
macroscopic loops and it is therefore nonnegative. It may come as a surprise that n
is negative. This provides information on the nature of the nematic states. Indeed,
it is natural to conjecture that extremal nematic states are defined in a similar
manner as in the classical case, namely,

(‘)= lim lim (

) = -, 8.20
@ h—04 A7d >HZ)—hEmeAA§ (8:20)

These are “axial nematic” states [19]. The state (- >23 has an illuminating expres-

sion in terms of random loops. With hamiltonian ﬁ/(lu) —h> ca A3 the partition
function becomes

Z0m = et [ [T Y @0
€3

YEL(w) o4€{—1,0,1}

We should keep in mind that the domain A is huge and the parameter & is
small and positive, with |A]7! < h < 1. It follows that short loops carry la-
bels {—1,0, 1} indifferently, while macroscopic loops carry labels {—1,1}. (These
labels are not exactly constant along each loop, but they change signs when the

vertical direction changes.) The weight is therefore 3lCsnort(@)2/Cions(@)l; Jot P(*)
€3

denote the corresponding loop measure. This allows to relate n and m:

5 es /Al |Lenort (9)] 9| L1ong ()] 1 2_ 2
(Az)e, = 7o (Ah) A - pldw) 3 Mol 3 37 (0= 3)
€3 (x,0) is short oe{-1,0,1}

Y

(2,0) is long oce{-1,1}

= %P(—;j (7(:E,0) is 10ng)~

(8.22)

We split the integral over all loop configurations according to whether (z,0) €
A x [0, 8] belongs to a short or long loop. The sums )" _ are over the spin values
of the loop 7(,,0)- The latter probability is equal to m, which gives n = %m This
contradicts (8.19), however. Where is the error?

It turns out that the extremal nematic states are not axial nematic, but “planar
nematic” [19]. That is, let

()%: lim lim (-)

. — 8.23
W04 Az HY RS o4 AF (8.23)

Notice the “+” sign in front of h, which should be contrasted with Eq. (8.20).
This state favours the eigenvalue 0 rather than +1. The corresponding partition
function is

ZL (A h) = ZSJ)(A,—h) = sFhll /p(dw) H Z e MM (5.04)
€3 €3

NEL(w) 04E{—1,0,1}
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When |A|~! < h < 1, the short loops carry labels {—1,0,1} as before, but long
loops are stuck with label 0. Then, with P, denoting the corresponding loop
measure, ?

e3BhlA|
a2y, = Ah[/ pldw) 3Emn@l L 3 (g2 2)
3 23( ’ ) Y(x,0) is short oce{-1,0,1}
o w (8.25)
+/ p(dW) 3|£shor( )(_3):|
Y(z,0) is long
= —%P%S(W(x,o) is long)'
This gives n = f%m, in conformity with (8.19). These calculations use the con-

jectures about the joint distribution of lengths of long loops, and they give strong
evidence that nematic states are planar nematic. This result was far from imme-
diate.

Similar considerations are possible in the cases v = 0 and v = 1, which
correspond to SU(3)-invariant interactions. We refer to [38] for details.
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